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Abstract 
In this article we study multiple steady states in ternary homogeneous azeotropic 
distillation. We show that in the case of infinite reflux and an infinite number of trays 
one can construct bifurcation diagrams on physical grounds with the distillate flow as 
the bifurcation parameter. Multiple steady states exist when the distillate flow varies 
non-monotonically along the continuation path of the bifurcation diagram. We derive 
a necessary and sufficient condition for the existence of these multiple steady states 
based on the geometry of the distillation region boundaries. We also locate in the com- 
position triangle the feed compositions that lead to these multiple steady states. We 
further note that most of these results are independent of the thermodynamic model 
used. We show that the prediction of the existence of multiple steady states in the case 
of infinite reflux and an infinite number of trays has relevant implications for columns 
operating at finite reflux and with a finite number of trays. Using numerically con- 
structed bifurcation diagrams for specific examples, we show that these multiplicities 
tend to vanish for small columns and/or for low reflux flows. Finally, we comment on 
the effect of multiplicities on column design and operation for some specific examples. 
KEYWORDS: distillation, azeotropic distillation, multiplicity, distillation design, 
extractive distillation. 
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1 Introduction 
Azeotropic distillation is one of the most widely used and most important separation op- 
erations in the che+cal and the specialty chemical industry. Despite that, the design and 
operation of azeotropic distillation columns are relatively poorly understood and little stud- 
ied. Among their surprising features, it has been discovered that such columns can exhibit 
multiple steady states i.e. two or more steady states with different composition and temper- 
ature profiles which correspond to the same set of operating parameters. In this article we 
are only investigating this type of multiplicities. 
The study of multiplicities in distillation has a long history. Rosenbrock (1962) proved 
that the steady state of distillation columns separating a binary mixture is unique under the 
assumptions of (3; constant molar flows (i.e. neglecting the energy balances) and (2) that to 
every value of vapor composition y there corresponds a unique value of liquid composition x 
in equilibrium with y. This assumption does not exclude the cases of nonideal vapor-liquid 
equilibrium (including the cases where an azelotrope is formed between the two components). 
Petlyuk and Avetyan (1971) first conjectured the possibility of multiple steady states in 
the distillation of ternary homogeneous systems under the assumptions of constant molar 
flows and nonideal vapor-liquid equilibrium (Wilson equation). They conjectured that mul- 
tiple steady states exist when a distillation product region is a quadrangle. However, as we 
will show this condition is neither necessary nor sufficient for the existence of multiple steady 
states. Moreover, they do not identify any physical mixture that may lead to these multiple 
steady states. 
Magnussen et al. (1979) present simulation results that show the existence of three steady 
states for the heterogeneous mixture of ethanol - water - benzene. In these calculations the 
phase splitter is removed; instead, a second feed at the top of the column is considered (this 
second feed is the same for all three steady states). Moreover, the liquid composition profiles 
of all three steady states lie entirely in the single liquid phase region. Therefore, although 
the mixture ethanol - water - benzene can exhibit liquid - liquid phase split, the multiplicities 
presented in that article cannot be explained by the heterogeneity of the mixture. Hence, 
the explanation for the existence of the aforementioned multiplicities should be sought in 
the regime of homogeneous azeotropic distillation. Finally, it should be noted that the 
multiplicities were observed with the UNIQUAC and NRTL activity coefficient models but 
a unique steady state was found with the Wilson equation model. 
Doherty and Perkins (1982) considered the case of nonideal vapor - liquid equilibrium 
and constant molar flows. They proved the stability of the unique steady state in binary 
distillations (uniqueness was already proven by Rosenbrock, 1962). They also prove that 
a unique steady state exists for single-staged "columns" of any multicomponent mixture. 
Using the above results, they conclude that the multiplicity reported by Magnussen et al. 
(1979) is a consequence of multiple components and multiple stages. 
The "discoveries" by Magnussen et al. (1979) triggered great interest in multiple steady 
states in distillation. The belief that heterogeneity is a possible cause for such multiple 
steady states directed the attention towards heterogeneous azeotropic distillation. Conse- 
quently, several articles were published where the results of Magnussen et al. (1979) were 
studied extensively and where multiplicities for other heterogeneous systems were reported 
(Prokopakis and Seider, 1983; Kovach and Seider, 1987; Widagdo et al., 1989). 
However, other types of systems have also been investigated. In a simulation study 
Chavez et al. (1986) and Lin et al. (1987) found multiple steady states in interlinked 
distillation columns. The multiplicity they report is due to the interlinking and is not found 
in single columns. 
Sridhar and Lucia (1989) considered binary mixtures with nonideal VLE and included 
energy balances in the model. They showed that any binary homogeneous separation process, 
in which the temperature and pressure profiles are specified, has a unique steady state. 
Jacobsen and Skogestad (1991) present two different types of multiplicities in binary 
distillation columns with ideal VLE: 
- Multiplicity in Input Transformations. 
Constant molar flows are assumed. Multiplicities occur when some flows are specified 
on a mass basis (instead of a molar basis) and are due to the nonlinear mass to molar 
flow transformation. 
- Multiplicity when molar reflux and boilup are used as specifications (LV configuration). 
Energy balances are included in the model. This type of multiplicity does not occur 
for the case of constant molar flows. 
Most recently, Kienle et al. (1992) reported multiple steady states for the ternary ho- 
mogeneous mixture of acetone, chloroform and methanol. The starting point for the study 
presented here were the multiple steady states reported by Laroche et al. (1990, 1991, 1992) 
for a homogeneous ternary mixture (acetone - heptane - benzene) with nonideal VLE and 
constant molar flows. 
Background 
The term "homogeneous azeotropic distillation" covers the general notion of distillation of 
azeotrope forming mixtures where a single liquid phase exists in the region of interest. Usu- 
ally, homogeneous azeotropic distillation units perform the separation of a binary azeotrope 
into two pure components through the addition of an entrainer which alters the relative 
volatility of the two azeotrope constituents without inducing liquid - liquid phase separa- 
tion. 
Unless stated otherwise, we use the following convention to refer to a given mixture: L (I, 
H respectively) corresponds to the component which has the lowest (intermediate, highest 
resp.) boiling point; we also denote the entrainer by E. We use the same notation in italics 
(L, I, H, E) to  denote the corresponding flow rates of the components in the feed. The 
locations of the feed, distillate and bottoms in the composition triangle are denoted by F, D 
and B respectively. Again, the corresponding flowrates are denoted by the same letters in 
italics (F, D, B and R for the reflux flow). 
In all simulations presented in this paper, the column operates under atmospheric pres- 
sure, there is no pressure drop in the column and the condenser is total. Moreover, constant 
molar overflow and a tray efficiency of 1 are assumed. Vapor pressures are calculated using 
the Antoine equation and liquid activity coefficients are calculated using the Van Laar equa- 
tion. The appendix contains more information on the thermodynamic model as well as the 
Antoine and Van Laar coefficients used in the examples. The tray counting starts from the 
reboiler (number 0) and ends at the top. Finally, in all composition profile figures the liquid 
mole fractions are depicted. 
A widely used concept for the description of azeotropic distillation is that of the simple 
distillation residue curve (hereafter called residue curve). The simple distillation process 
involves charging a still with a liquid of composition : and gradual heating. The vapor 
formed is in equilibrium with the liquid left in the still; the vapor is continuously removed 
from the still. 
A residue curve is defined as the locus of the composition of the liquid remaining at any 
given time in the still of a simple distillation process. Residue curves are governed by the 
set of differential equations (Doherty and Perkins, 1978): 
where i is the component index, C is the number of pure components in the mixture, y; (x;) 
is the mole fraction of component i in the vapor (liquid) phase, and [ is the dimensionless 
warped time. 
At infinite reflux, the differential equations which describe packed columns become iden- 
tical to the residue curve equations. Thus residue curves coincide exactly with composition 
profiles of packed columns operated at total reflux, and they give a very good approximation 
of composition profiles of tray columns at infinite reflux. 
A distillation region is a subset of the composition simplex in which all residue curves 
originate from a locally lowest-boiling pure component or azeotrope and travel toward a 
locally highest-boiling one. The curves which separate different distillation regions are called 
residue curve boundaries. The term distillation region boundary (or just boundary) is used 
for both residue curve boundaries (interior boundaries) and for the edges of the composition 
simplex. 
Infinite Reflux and Infinite Number of Trays 
In this section we present an extensive analysis of the case where the reflux and the number 
of trays are infinite (the oo/m case hereafter). The idea for examining this situation came 
from the multiplicities reported by Laroche et al. (1990, 1991, 1992). The homogeneous 
mixture under consideration is that of acetone (L), heptane (H) and benzene (I). In this case 
there is only one binary azeotrope formed between acetone and heptane (93% acetone, 7% 
heptane). Benzene, the intermediate boiler, is used as entrainer for the separation of the 
acetone - heptane azeotrope. Figure 1 shows the residue curve map of this ternary mixture 
(001 class according to the classification by Matsuyama and Nishimura, 1977). 
Figure 2 depicts the separation sequence and information about the azeotropic column. 
The feed composition and flows, the number of trays and the distillate, bottom, reflux and 
reboil flow rates are identical for both steady states. Figure 3 shows the two different stable 
steady state profiles reported by Laroche et aj. (1990, 1991, 1992). In the first case (Figure 
3a) the column yields 99% acetone (L) at the top and 95% heptane (H) at the bottom while 
in the second case (Figure 3b), the top product is a mixture of 93% acetone and 7% heptane 
(azeotropic mixture). 
In this column, the reflux to feed and the reflux to distillate flow ratios are very high - in 
the order of 100. Table 1 summarizes simulation results with different reflux and associated 
reboil flows. All other column parameters are kept constant at their values shown in Figure 
2. Table 1 shows that only one stable steady state exists for reflux flows less than 6600 while 
two stable steady states are observed for any higher reflux. Actually, no matter how large 
a reflux flow was used, two stable steady states were always found . This result suggests 
that this type of multiplicity may also occur at infinite reflux. This observation simplifies 
the study of multiplicities significantly since at infinite reflux column profiles coincide with 
residue curves. 
Moreover, the column shown in Figure 2 has 64 theoretical trays which is quite a large 
number. This suggests that this multiplicity may occur in columns with a large number of 
trays (infinite number of trays in the limit). Columns at infinite reflux and with an infinite 
number of trays are obviously a special case of infinite-reflux columns which simplifies our 
analysis even further. 
3.1 Existence of Multiple Steady States 
In this section we study in detail the oo/oo case. We use a 001 class ternary mixture to 
illustrate the analysis of this situation. Figure 4 shows the residue curve map of this type 
of ternary mixture. In this diagram, there is only one minimum boiling binary azeotrope 
between the light (L) and the heavy (H) component. The azeotrope is an unstable node, the 
light and the intermediate pure component corners are saddles and the heavy-component 
corner is a stable node. All residue curves start from the azeotrope and end at the heavy 
component corner; there are no interior distillation boundaries in this diagram and hence 
the whole triangle forms a single distillation region. 
At infinite reflux, column profiles coincide with residue curves. In the special case of 
columns with an infinite number of trays there is one additional requirement: The column 
profile should include a pinch point. There are four candidate pinch points in the residue 
curve map shown in Figure 4, namely the three pure component corners and the azeotrope. 
Therefore, in the m/oo case, the only acceptable columns belong to one of the following 
types: 
I. Columns whose distillate composition is that of the azeotrope (unstable node). In this 
case, the column profile starts from the azeotrope (top of the column), follows a residue 
curve and ends at an arbitrary point on the same residue curve (bottom product). 
11. Columns whose bottom product composition is pure heavy component (stable node). 
In this case, the column profile starts from an arbitrary point in the composition 
triangle, follows the residue curve that passes through this starting point and ends at 
the heavy component corner (bottom product). 
111. Columns whose composition profiles run along the edges of the triangle and contain 
at least one of the saddle corners (light and intermediate component corners). In this 
case, the top and bottom products lie on the edges of the triangle. 
In the m/oo case, given a feed composition and a feed flowrate F, the only unspecified 
parameter is the distillate flow rate D (the bottom flow rate is B = F - D from the overall 
material balance). In order to find whether multiple steady states can occur (i.e. whether 
different column profiles correspond to the same value of D) we find all possible composition 
profiles by tracking the distillate and bottoms in the composition triangle, starting from 
the column profile with D = 0 and ending with the column profile with D = F. That is, 
we perform a bifurcation study (continuation of solutions) using the distillate flow as the 
bifurcation parameter. This task can be achieved because in the co/m case a continuation 
of solutions can be carried out based on physical arguments only. The light component mole 
fraction in the distillate XDL is recorded along this "continuation path." The analysis that 
will follow can be applied to any feed composition but just for simplicity, we assume a feed 
that lies on the line connecting the azeotrope and the corner I. Therefore, F = L + I + H 
and L/(L + H) equals the azeotropic composition of the light component. 
If D = 0 then B = F = L + I + H and therefore the composition of the bottom product 
coincides with that of the feed F. Hence the bottom product composition is an interior point 
of the composition triangle (i.e. it does not lie on an edge). The only acceptable column 
profile (as defined above) that ends (bottom product) at an interior point of the triangle is 
the one that starts (top of the column) from the azeotrope and follows the residue curve that 
the bottoms composition lies on. This is a type I column profile. Figure 5a shows the column 
profile for D = 0. Therefore, in this case, XDL = L/(L + H), the azeotropic composition. 
Using this as a starting profile, we will find all possible type I column profiles for the 
given feed. Since, for this type of profile, the top of the column coincides with the azeotrope, 
the material balance line is a segment of the line connecting the azeotrope, the feed and the 
intermediate component corner (for this particular choice of feed composition). Therefore 
the bottom composition (B) can be any point on the line segment between the feed F and 
the intermediate component corner (I). Figure 5b illustrates a type I column profile with 
the aforementioned characteristics. As B moves along the FI line segment from F to I the 
line BF continuously lengthens. Therefore, according to the lever material balance rule, the 
bottoms flow decreases monotonically from the initial F to I while the distillate flow will 
increase monotonically from initially 0 to L + H. The composition of L in the distillate 
(xDL) for all type I column profiles is kept constant and equal to the azeotropic composition 
( L/(L + H) ). Therefore, a column profile of type I (similar to that of Figure 5b) exists for 
O < D < H + L .  
Figure 5c shows the profile with the bottoms composition B located at the intermediate 
component corner (I) and the distillate composition located at the azeotrope. In this case, 
D = H + L and B = I. Both B and D lie on an edge of the composition triangle and 
therefore in this case the column profile belongs to type 111. Using this as a starting profile, 
we will find all possible type I11 column profiles for the given feed. 
In this type of profiles, both D and B must lie on the edges of the triangle. There exist 
two alternative routes: B should move along either the IL edge or the IH edge. In the 
first case, the material balance implies that D has to move on the line segment between the 
azeotrope and the heavy component corner (H). This is not allowable though because there 
is no residue curve connecting D and B. In the second case, D has to move along the line 
segment between the azeotrope and the light component corner while B lies on the IH edge. 
In this case, there exists a residue curve connecting B and D. 
Figure 5d illustrates such a column profile. Since D lies on the LH edge the composition 
of the intermediate component I in the distillate is zero and therefore the whole amount 
of I fed into the column is recovered in the bottom product. Because B lies on the IH 
edge, there exists some amount of heavy component in the bottom product while the whole 
amount of L fed is recovered entirely in the distillate. Therefore B > I and consequently 
D < H + L. As D moves along the LH side from the azeotrope to the light component corner, 
the amount of the heavy component in the distillate decreases and consequently the distillate 
flow decreases monotonically from L + H to L (when D is located at the light component 
corner). Therefore, a column profile of type I11 similar to that shown in Figure 5d exists for 
L + H > D > L. Since all the light component fed is recovered in the distillate, XDL = LID. 
Therefore along this part of the continuation path, the light component concentration in the 
distillate increases monotonically from L/(L + H) to 1. 
Figure 5e shows the profile with the distillate composition D located at the light compo- 
nent corner (L). In this case D = L and B = I + H. As B moves further along the IH side 
towards the H corner, D moves along the LI edge towards the corner I. Figure 5f illustrates 
such a type I11 column profile. In this case, D contains no heavy component, some amount 
of the intermediate component and all the light component fed. Consequently, B contains no 
light component, some amount of the intermediate component and all the heavy component 
fed into the column. As B moves along the IH edge towards the heavy component corner the 
bottom product flow decreases monotonically from the initial I + H to H (when B is located 
at the H corner). Consequently along this part of the continuation path the distillate flow 
increases monotonically from L to L + I .  Therefore a column profile of type I11 similar to 
that shown in Figure 5f exists for H < D < I + H. Along this part of the continuation path, 
XDL = LID and hence X D L  decreases monotonically from 1 to L/(L + I). 
Figure 5g shows the column profile with the bottoms composition B located at the heavy 
component corner (H). In this case B = H, D = L + I and X D L  = L/(L + I). B is not 
allowed to move along the HL edge because a residue curve connecting B and D does not 
exist. Therefore all type I11 profiles have been found. The last case to be examined is the 
type I1 profiles. In this case the bottoms product composition is 100% heavy component 
(H corner). Therefore, the material balance line lies on the line connecting the feed F and 
the heavy component corner H. Hence , the distillate composition D can be any point on 
this line between the feed F and the LI edge. Figure 5h shows a type I1 column profde 
with the aforementioned characteristics. As D moves towards F, the length of DF decreases. 
Therefore, according to the lever material balance rule, the distillate flow increases mono- 
tonically from the initial I  + L to I + L + H(-- F )  while the bottoms flow decreases from H 
to zero. Therefore a column profile of type I1 similar to that shown in Figure 5h exists for 
I + L < D < I + L + H = F. Along this part of the continuation path, the composition of L 
in the distillate decreases from L/(L+ I) to L/(L+ I+ H) according to the rule X D L  = LID. 
Finally, the endpoint of this exhaustive search for all possible column profiles is the column 
profile with D = F ,  B = 0 and X D L  = X F L .  
Now, we put all these pieces together by recording X D L  vs. D in a diagram (Figure 6 ) .  
In the begining as D increases from zero to .L + H, X D ~ ,  remains constant at L/(L + H) 
(the azeotropic composition). Then D decreases from L + H to L while XDL = LID and 
therefore increases from L/(L + H )  to 1. Then D increases again from L to L + I  and finally 
to F while X D L  = LID and hence decreases from 1 to L/(L + I) and finally to L I F  (the 
feed composition). For illustrative purposes only, in Figure 6 we draw two separate curves, 
ce and eh, although they are actually coinciding ( X D L  = LID ). Points a - h in Figure 
6 correspond to the column profiles shown in Figures 5a - 5h. Figure 6 shows that for D 
between L and L + H there exist three steady states (points 1 - 3): 
0 Point 1 always corresponds to a column profile of type I like the one depicted in Figure 
5b. 
o Point 2 always corresponds to a type I11 column profile where the distillate composition 
lies on the line segment between the azeotrope and L (similar to Figure 5d). 
0 For point 3 there are two cases: 
- If I < H and D > L + I then point 3 corresponds to a type I1 column profile 
(similar to that of Figure 5h). 
- In the case that I > H (Figure 6) as well as in the case that I < H but D < L + I, 
point 3 corresponds to a type I11 column profile where the distillate composition 
lies on the LI edge (similar to that in Figure 5f). 
In our analysis, a special choice of feed composition has been used. It is very simple to 
apply the same procedure to any feed composition and prove that for any feed composition 
inside the composition triangle three steady states exist. Therefore, for this class of residue 
curve diagrams, namely the 001 class, three steady states exist for any feed composition. 
Moreover, in this case the existence of multiplicities is independent of the thermodynamic 
model used to describe the vapor - liquid equilibrium. 
Given any ternary mixture, its residue curve diagram and a feed composition, it is very 
simple to conclude whether multiple steady states can occur in the oo/oo case by applying 
the procedure described above. Next, we examine the key issues that lead to the existence 
of these multiple steady states. 
3.2 Analysis 
In the previous section, we tracked a "path" generating all possible column profiles starting 
from the column profile with D = 0 (type I) and ending at the column profile with D = F 
(type 11). In the beginning D increases, then decreases and then increases again. The key 
feature that brought about the multiple steady states is that in a segment along this "path" 
D decreased. Therefore, in order to find rules for the existence of multiple steady states, we 
have to first answer why D decreased along the continuation path. 
In this section, we assume that distillation boundaries are straight lines (this assumption 
will be dropped later). Therefore, any distillation region containing n (n 2 3) singular 
points is an n-polygon. In every distillation region there is one unstable node (the origin 
of all residue curves in the region), one stable node (the endpoint of all residue curves in 
the region) and n-2 saddles. Finally, we assume that F is an interior point of a distillation 
region. It is easy to show that for feeds on a distilation region boundary, D cannot decrease 
along the continuation path. 
Using arguments similar to those in the previous section, it is easy to show that along 
the continuation path, first we track all possible type I column profiles, then those of type 
I11 and last all type I1 column profiles. Moreover, again using the arguments which were 
discussed in the previous section, it can be proven that: 
Fact 1 Along the continuation path, D increases monotonically as we track all type I and 
type 11 column profiles. 
Therefore, a decrease in D can only occulr as we track the type I11 column profiles i.e. 
columns whose composition profiles run along the edges of the distillation region where F 
is located and contain at least one of the saddle singular points. In this case, the top and 
bottom products lie on the edges of the distillation region. Next we will show the following: 
Fact 2 Along the continuation path, D increases monotonically for all type 111 column pro- 
files that contain only one saddle singular point. 
Figure 7 shows a column profile (DsB) that contains only one saddle point (s). The lines 
ds and sb are distillation region boundaries. The arrows on ds and sb show the direction 
of the residue curves; this direction coincides with the direction of the continuation path. 
D'sB' is another, "later," column profile along this path. We examine what happens to D 
as we move from DsB to D'sB'. 
Draw the line that is parallel to BB' and passes through D. Name D" the point where 
this line intersects the D'B' line. By constrmction, FB/DF = FB'/DUF. Since D"F>D1 F 
then FB/DF < FB'/D1 F. Therefore by the lever material balance rule, we conclude that 
D increases along the continuation path. This result is independent of the angle dsb, and 
therefore D increases monotonically for all type I11 column profiles that contain only one 
saddle singular point. Q.E.D. 
Note that fact 2 is equivalent to the following: 
Fact 3 A decrease in D can only occur as we track type 111 column profiles that contain at 
least two saddles. 
Two consequences of fact 3 are: 
(1) If multiplicities exist, one of the multiple steady state profiles will contain at least two 
saddles. 
(2) A necessary condition for the existence of this type of multiplicities is that the residue 
curve diagram contains at least two neighboring saddles. 
The situation of at least two neighboring saddles arises in 77 out of the 113 possible 
residue curve diagrams (as classified by Maksuyama and Nishimura, 1977). Among the 
residue curve diagrams that do not contain two neighboring saddles are the ideal case (000 
class) and the case of a heavy entrainer that does not introduce any additional azeotropes 
(100 class) which are depicted in Figure 8. Note also that no more than three steady states 
can exist in the case of two neighboring saddles while for certain feed compositions it is 
possible that more than three steady states exist in the case of more than two neighboring 
saddles. 
However, the condition of at least two neighboring saddles is not sufficient for the exis- 
tence of multiple steady states. There are two additional requirements. 
3.2.1 Geometry of the  Distillation Boundaries 
The existence of multiplicities depends on the geometry of the distillation boundaries that 
form the two saddles.- Figures 9a and 9b illustrate two cases of two neighboring saddles. The 
only difference between the two is the orientation of the ds distillation boundary. In order 
to check if D increases or decreases along the continuation path, the procedure used for the 
proof of fact 2 is applied. 
In Figure 9b, the line from D that is pardel to BB' crosses the D'B' line segment while it 
does not cross it in Figure 9a. Hence in Figure 9a, Dt'F > D'F while D"F < D'F in Figure 9b. 
As a result D increases in Figure 9a whereas D decreases in Figure 9b. Therefore multiple 
steady states exist only for the situation depicted in Figure 9b. Note that the existence of 
multiple steady states depends on the relative position of the boundaries ds and s'b while 
the location of the ss' boundary does not play any role. 
In summary, for the existence of multiplicities it is required that (geometrical condition): 
As we move along the continuation path from D to D' and accordingly from B to B', the 
line that passes from D and is parallel to BBP crosses the D'B' line segment. 
3.2.2 Appropriate Feed Composition 
Even if a residue curve diagram contains two neighboring saddles with the appropriate 
geometry (as described above) for the existence of multiplicities, there might be some feed 
compositions for which multiple steady states do not exist. Figure 10 shows a residue curve 
diagram that belongs in the 231 class. In this diagram there are two distillation regions. In 
the lower region there are three saddles (two of them neighboring) while in the upper region 
there is only one saddle. Therefore if the feed composition lies in the upper region, a unique 
steady state exists for each value of D. However, placing the feed in the lower region is not 
sufficient for the existence of multiple steady states. 
As it can be seen from Figure 10, ab and Ic form the only pair of boundaries that enables 
the existence of multiple steady states. Hence, the only feed compositions that will exhibit 
multiple steady states are those that can be separated in a distillate lying on ab and a bottom 
product lying on Ic for some value of D. Therefore, multiple steady states exist for any feed 
located in the convex hull formed by ab and Ic (shaded region in Figure 10). 
In summary, multiple steady states exist only for the feed compositions that lie in the 
convex hull formed by a pair of distillation region boundaries that satisfy the geometrical 
condition described above. 
3.2.3 Summary 
In this section we studied the oo/m case for a ternary mixture under the assumption of 
straight line boundaries. We found a necessary condition for the existence of multiplicities 
(at least two neighboring saddles). Furthermore, the conditions developed above for the 
geometry of the boundaries and the appropriate feed compositions constitute a necessary 
and sufficient condition for the existence of multiple steady states in cm/m case. 
Although we assumed that the line connecting two singular points (distillation boundary) 
is straight, fact 1 is independent of the shape of the boundary. Moreover, the discussion about 
the geometry of the distillation region boundaries and the appropriate feed compositions can 
be generalized to curved boundaries. This is the topic of the next section. 
3.3 Curved Boundaries 
Distillation region boundaries that do not coincide with the sides of the composition triangle 
are often curved and in some cases highly curved. The curvature of the boundary may affect 
the region of feed compositions that lead to multiplicities because the geometry of the bound- 
aries is changed. This is illustrated by Figure 11. This figure is similar to Figure 10 with the 
difference that the interior boundary ab is curved. However, the location of the azeotropes in 
the composition triangle is the same in both figures. The following interesting result can be 
easily shown: if multiple steady states exist under the straight boundaries assumption, then, 
assuming that the azeotropic compositions do not change, these multiplicities still exist even 
if the boundaries are curved, although the appropriate feed region is changed. 
Point d is the point on the boundary ab where the tangent to the boundary is parallel to 
Ic. It is apparent that the boundary segment ad and the boundary Ic satisfy the geometry 
requirement for the existence of multiplicities while bd and Ic do not. Therefore, in this case 
the appropriate feed location is inside the convex hull formed by ad (not ab) and Ic (shaded 
region in Figure 11). 
In the previous section we concluded that the occurence of two neighboring saddles is 
a necessary condition for multiplicities when boundaries are straight. This is not true in 
the general case of curved boundaries, because highly curved boundaries can function a s  
"pseudo-saddles" and therefore can induce multiplicities. 
Figure 12 shows a residue curve diagram belonging to the 021 class. In this figure there is 
a highly curved boundary that separates the composition triangle in two distillation regions. 
In each region there are two routes which go from the unstable node to the stable node along 
the region boundaries (a total of four routes, namely a-+L-+I, a-+H, a+b+I, a+b-+H). 
In the right region there is only one saddle singular point and in the left region there are 
two saddles but they are not neighboring. Therefore, if the boundary running from a to b 
were a straight line, there would not exist multiplicities for this mixture. The boundary ab 
is curved enough so that there exists a point c on it where the tangent to the boundary is 
parallel to the IH edge. 
Now, the geometrical condition can be applied to check for multiplicities. Note that the 
distillate and bottoms compositions should lie on the same route and therefore we only have 
to check the geometrical condition along the four routes mentioned above. Also note that 
the type 111 column profile with an infinite number of trays should contain a saddle singular 
point and therefore this constitutes an additional restriction. 
The a-+b-+H route contains one saddle point (b). The restriction due to the infinite 
number of trays implies that the geometrical condition should be checked only for columns 
whose distillate lies on ab and whose bottom product lies on bH (i.e. columns with distillate 
and bottom product lying on ab are not permitted in the infinite number of trays case). If the 
distillate lies on cb then the geometrical condition is not satisfied for any bottoms product 
on bH. However, if D lies on ac then for any B on bH the geometrical condition is satisfied. 
Figure 12b shows the continuation path of all possible column profiles for a given feed. The 
ratio FB / Dl? and therefore D decreases as D moves from a to c and hence multiplicities 
exist. Similarly, for the a+b+I route, the condition for multiplicities is satisfied if D lies on 
ac and the bottoms composition is any point on Ib. Note that the geometrical condition is 
not satisfied for any D' but only for D' sufficiently close to D. Also note that the geometrical 
condition is not satisfied for the other two routes. Therefore multiplicities exist for this 
mixture for feed compositions which can be separated into a distillate lying on ac and a 
bottom product lying on Ib or bH i.e. for feeds located in the convex hull formed by ac and 
IH. 
In the case examined above, provided D lies on ac, the geometrical condition is satisfied 
for any B on IH. This is due to the fact that IH is a straight line. The most general case 
where both D and B lie on curved boundaries is illustrated by Figure 13. In this figure, 
point e is the location on ab where the tangent to the ab boundary is parallel to the tangent 
to the bc boundary at point c. Similarly, f is the point on bc where the tangent to the bc 
boundary is parallel to the tangent to the ab boundary at point a. For some D on ab, there 
exist some B on bc that satisfy the geometricad condition. In general, for each D on ae there 
exists a diflerent set SB(D) of bottoms compositions that satisfies the geometrical condition. 
For example if D is located at point a then Ss(D) is the boundary segment fc while if D is 
located at e the SB(D) is just the point c. Hence for each D the appropriate feed composition 
is the convex hull formed by D and SB(D). 'Therefore, the feed compositions that exhibit 
multiplicities lie in the union of all the convex hulls formed by D and the corresponding 
SB(D). In Figure 13 the appropriate feed region is shaded and it is clear that it does not 
coincide with the convex hull formed by ae and fc. 
3.4 Summary 
In this part we examined in detail the existence of multiple steady states in the m/m case of 
a ternary mixture. More specifically, we answered the following questions: Given a ternary 
mixture and its residue curve diagram, 
(1) find whether multiple steady states exist for some feed composition and 
(2) locate the feed composition region that lead to these multiple steady states. 
The necessary and sufficient geometrical condition for the existence of multiple steady 
states (question 1) is summarized in the following: 
The continuation path is defined as the path generating all possible column profiles start- 
ing from the profile with D=O and ending at the profile with D=F. Multiple steady states 
occur when D decreases along this path. This can be checked by the following procedure: 
Pick a distillate D and a bottom product B, both located on some distillation region bound- 
aries and such that the column profile that runs from D to B along the distillation region 
boundaries contains at least one saddle singular point (type I11 column profile). Now pick D' 
and B' sufficiently close to D and B respectively and such that the column profile from D' to 
B' is a "later" profile along the continuation path. For the existence of multiple steady states 
it is required that: As we move along the continuation path from D to D' and accordingly 
from B to B', the line that passes from D and is parallel to BB' crosses the D'B' line segment. 
The condition for the appropriate feed region (question 2) is summarized in the following: 
Pick a distillate D. Find the set of all bottom products such that the geometrical condition 
is satisfied for the picked D. Name this set SB(D). For the chosen D the appropriate feed 
composition is the convex hull formed by D and SB (D). Pick another distillate and repeat. In 
general, for each distillate there exists a different set of bottoms compositions that satisfies 
the geometrical condition. Therefore, the feed compositions that lead to multiple steady 
states lie in the union of all the convex hulls formed by D and the corresponding SB(D). 
4 Finite Reflux and Finite Number of Trays 
The m / m  case is the limiting case of high reflux and a large number of trays. Therefore, 
if the geometrical condition is satisfied for a given residue curve diagram then multiplicities 
will exist for some sufficiently large finite reflux and finite number of trays. However, the 
inverse is not true. The geometrical condition is only a sufficient condition for the existence 
of multiplicities when the reflux and the number of trays are finite. At infinite reflux, the 
column profiles coincide with residue curves. This is not true at finite reflux. Moreover, 
column profiles at finite reflux depend on the location and the number of the feed streams. 
Therefore, the residue curve map cannot be used for the study of the finite reflux and finite 
number of trays case. 
In this section, first we present steady state bifurcation results for the mixture acetone 
(L) - heptane (H) - benzene (I-E) which show that the prediction for the existence of multiple 
steady states in the m / m  case carries over to columns operating at finite reflux and with 
a finite number of trays. We further show that, although the predictions were made in the 
m/oo case, it does not mean that multiple steady states do not exist for realistic operating 
conditions (low reflux and number of trays). However, apart from the fact that the oo/m case 
predictions carry over, the results presented here should not be generalized because they are 
specific to the particular example. The column characteristics are depicted in Figure 14. In 
this column, a mixture of 90% acetone and 10% heptane (the azeotropic composition is 93% 
acetone and 7% heptane) is separated using benzene as the entrainer. Acetone is recovered 
in the distillate while the bottom product (heptane and benzene) is fed to the entrainer 
recovery column (Figure 2) from which heptane is recovered and benzene is recycled to the 
azeotropic column. For this example, the distillate, reflux and entrainer flows as well as the 
number of stages are treated as parameters. The bifurcation calculations were conducted 
with AUTO, a software package developed by Doedel (1986). 
4.1 Varying the Distillate Flow 
Figure 15 shows typical bifurcation diagrams with the distillate flow as the bifurcation pa- 
rameter for the column depicted in Figure 14 with E/F =1 and various R. If R is low 
enough ( R / F  =2), a unique steady state is calculated by the continuation algorithm. For 
higher values of R ( R I F  =4, 10, 50), multiple steady states exist for some D. In these cases, 
a unique stable steady state exists for low D. D increases until the continuation algorithm 
reaches the first limit point. Beyond that point an unstable steady state is calculated (dashed 
curve). Along this part of the continuation path increases while D decreases until the 
second limit point is encountered. Beyond the second limit point, D increases again and a 
second stable steady state is calculated. Hence, two stable and one unstable steady states 
exist for distillate flows between the two limit points (multiplicity region); a unique stable 
steady state exists otherwise. 
Note the similarity of those continuation paths with the continuation path we tracked in 
the w / m  case (Figure 6). Also note that in Figure 15 the multiplicity region expands as the 
reflux flow increases. Figures 16a and 16b show the reflux - distillate multiplicity region for 
two different entrainer feed flows. As the reflux decreases, the multiplicity region becomes 
more narrow and at some point the multiplicities vanish. Note that, although those multiple 
steady states were predicted at infinite reflux, they still exist at very low reflux values. Note 
also that, since the overall feed does not lie on the line connecting the azeotrope with the 
pure benzene (I) corner, the distillate flow multiplicity interval of this column in the oo/m 
case is not between L and L+ H (90 and 100 kmol/rnin) but between 90 and 96.6 (=90/0.93) 
kmol/min. Moreover, the column has only 4 trays in the lower section and therefore some 
discrepancy from the m / m  case prediction is expected. In addition, note that the column 
with E=l kmol/min is much closer to the infinite relfux and infinite reboil condition than 
the column with E-200 kmol/min. The above explains why the distillate multiplicity region 
at high reflux in Figure 16a ( E = l  kmollmin) is much closer to the m/co case prediction 
than the corresponding region of Figure 16b (E=200 kmol/min). 
4.2 Varying the Entrainer and Reflux Flows 
In these studies, the column depicted in Figure 14 is used with the distillate flow fixed at 
90.9 kmol/min. The bifurcation calculation results are summarized in Figure 17. The four 
pictures at the bottom of Figure 17 show typical bifurcation diagrams with the entrainer 
feed flow as the bifurcation parameter for various fixed reflux flows. At very low reflux, a 
unique stable steady state exists for all entrainer feed flows. As the reflux increases, three 
multiple steady states appear for some entrainer feed flow interval. Like in the case where 
the distillate flow is the bifurcation parameter, there is just one continuation path with two 
limit points. For entrainer flows between the two limit points, three steady states exist. The 
dashed curve depicts the unstable steady state. The entrainer flow range between the two 
limit points expands as reflux increases. Figure 18 shows the actual bifurcation diagram for 
R =500 kmol/min. 
The six pictures on the right side of Figure 17 show typical bifurcation diagrams with 
the reflux flow as the bifurcation parameter for various entrainer flows. Contrary to the 
cases where the entrainer and the distillate flows are the bifurcation parameters, there are 
generally two separate continuation paths in each diagram. One of them expands along 
the whole range of reflux from zero to infinity. Along this path, a stable steady state is 
calculated. The second path generally extends to infinite reflux but vanishes at some finite 
reflux flow (limit or turning point). Along this second path, one stable and one unstable 
steady state are calculated. 
At high entrainer flows, the second (two-steady-state) path lies below the single steady 
state path while the situation is reversed at low entrainer flows. Therefore, at high entrainer 
flows the unstable state is "connected" to the low conversion stable state whereas at low 
entrainer flows it is "connected" to the high conversion stable state. Hence, three steady 
states exist for reflux flows above the limit point while a unique stable steady state exists 
for reflux flows below that limit point. Moreover, as the entrainer flow is decreased the limit 
point of the two steady state path moves to lower reflux values. The above characteristics 
can be seen in the upper four pictures on the right of Figure 17. Figure 19 shows the actual 
bifurcation diagram for E =80kmol/min. 
At very low entrainer flows, the two-steady-state path does not extend to infinite reflux 
and a second limit point appears at high reflux. At even lower entrainer flows, the two 
steady state path disappears and a unique steady state exists throughout. The above are 
illustrated by the two lower pictures on the right of Figure 17. 
Finally, the central picture of Figure 17 shows the entrainer-reflux multiplicity region. 
The multilpicity region expands as reflux is increased. Note that multiplicities persist for 
low entrainer and reflux flows which is the region of operation in practice. 
4.3 Effect of the number of trays 
In the first part of this article we have shown that multiplicities exist for columns with an 
infinite number of trays. Doherty and Perkins (1982) proved that multiplicities cannot exist 
for single-staged "columns." It is expected then, that multiplicities vanish as the number of 
trays decreases below some critical number. 
The effect of decreasing the number of stages is depicted via bifurcation diagrams where 
the distillate and reflux flows are fixed and the entrainer flow is the bifurcation parameter. 
Figure 20 shows four such diagrams for columns similar to the ones depicted in Figure 14 
i.e. with the feed location fixed on tray 4 and different number of stages N. Three steady 
states exist for some very narrow entrainer flow interval for the columns with 23 and 22 trays 
while multiplicities vanish for the 21 and 15 tray columns. Figure 21 shows the entrainer 
- reflux multiplicity region for three columns with 44, 33 and 23 stages and fixed distillate 
flow. It is apparent that the multiplicity region for the 23 tray column is very narrow. 
Moreover, no multiplicities were found for columns with less than 22 trays. Therefore, 
multiplicities vanish for columns with number of stages below some critical value. However, 
the relationship between the number of stages and the location of the multiplicity region in 
the entrainer - reflux plane is not clear. 
4.4 Curved Boundaries 
In this subsection we present an example which illustrates that highly curved boundaries 
can induce multiplicities. The ternary mixture under consideration is that of acetone (L), 
methanol (H) and chloroform (I) also studied by Kienle et al. (1992). The corresponding 
residue curve diagram is shown in Figure 22a. It belongs to the 311-s residue curve diagram 
class. There are three binary azeotropes (a,b,c) and one saddle ternary azeotrope (s) in this 
diagram. 
The interior residue curve boundaries (Figure 22b) divide the composition triangle in 
four distillation regions and therefore there are eight routes (two for each region) from an 
unstable node to a stable node along the distillation region boundaries. Note that none of 
the routes contains two neighboring saddles and that sa is the only boundary that is highly 
curved and therefore might induce multiplicities. 
There exist two routes that contain sa, namely c-+s+a and b+s+a. Now check the 
geometrical condition by tracking each route in the proper direction (the proper direction is 
the direction of the continuation path i.e. the one that starts with the distillate located at 
the unstable node and ends with the bottoms located at the stable node). It is very simple to 
show that the distillate flowrate increases monotonically for the c+s+a route. In contrast, 
the geometrical condition is satisfied for some feed locations as we track the b+s+a route. 
The shaded region in Figure 22b depicts the appropriate feed composition region for which 
multiplicities will be observed in the oo/oo case. 
The above findings are supported by simulation results for a column with 30 trays, 
D / F  =.5, R / F  =100, a feed composition of 26.5% acetone, 23% methanol and 50.5% chlo- 
roform , a feed flowrate of 100 kmol/min and a feed tray located at stage 14. Figures 23a-c 
show the three different column profiles (two stable and one unstable) with the above specifi- 
cations. Figure 23d shows the location of the three profiles relative to the distillation region 
boundaries in the composition triangle. Note that the column operates at high reflux but 
not at infinite reflux and does not have an infinite number of trays. Hence, it is expected 
that the column profiles do not exactly follow the residue curve boundaries. 
Finally, Figure 24 shows bifurcation diagrams with the distillate flow as the bifurcation 
parameter for R / F  =l, 5 and 100. The three multiple steady states persist for reflux to feed 
ratios as low as 1. 
5 EEect of the VLE model 
The geometrical sufficient condition for the ekistence of multiplicities at finite reflux is based 
on arguments about the distillation region boundaries at infinite reflux. In general, the 
orientation and the curvature of those boundaries depends on the specific thermodynamic 
model used. Therefore it is expected that switching from one VLE model to another may 
affect the existence of multiplicities 
e quantitatively only i.e. multiplicities still exist but there are different appropriate feed 
composition regions, distillate - reflux multiplicity regions etc. 
e qualitatively i.e. multiple steady states exist using one model while they do not exist 
using another one. 
For example, in the acetone - heptane - benzene case (001 class) multiple steady states 
exist in the co/w case for any feed composition inside the composition triangle, regardless 
of the specific thermodynamic model used. This independence from the thermodynamic 
model is inherent in any 001 class residue curve diagram. However, quantitative differences 
between the models exist for the entrainer - reflux and distillate - reflux multiplicity regions. 
On the other hand, when the existence of multiplicities depends on the orientation and/or the 
curvature of some interior residue curve boundaries, it is possible that multiple steady states 
exist when using one thermodynamic model while they do not exist when using another 
model. 
Finally, a note on the fact that the geometrical condition is not necessary for the ex- 
istence of multiple steady states in the finite reflux case. Finite reflux boundaries are not 
as rigorously defined as infinite reflux ones. It is known that the shape of the distillation 
boundaries changes with reflux. Therefore, it may be possible that multiplicities exist at 
some range of finite reflux flows (due to some "distorted" boundaries) while the geometri- 
cal condition is not satisfied for infinite reflux boundaries. The above can cause another 
discrepancy observed- for different thermodynamic models. 
Effect on Design and Operation 
In this section we briefly discuss the effect of multiplicities on the distillation column design 
and operation. First we examine the problem of avoiding the multiplicity region (i.e operating 
in the single steady state region) and meeting the product specifications (defined later). Here, 
the number of stages and the entrainer flow are fixed while the distillate and reflux are the 
design parameters. The column specifications are 99% purity of acetone in the distillate 
and 99% acetone recovery. By superimposing the reflux-distillate regions where the above 
specifications are met on the corresponding multiplicity regions (Figures 16a and 16b) we 
obtain Figures 25a and 25b for the two fixed entrainer flows. If E =1 kmol/min (Figure 
25a) the column specifications are only met inside the multiplicity region and therefore 
multiplicities cannot be avoided in this case. However, if the entrainer flow is increased to 
200 kmol/min, there exists a reflux-distillate region where the specifications are met and a 
unique steady state exists. Therefore, we can meet the column specifications and avoid the 
multiplicity region at the expense of a higher entrainer feed flow. 
Finally, we examine whether it is possible to "jumpn from the high conversion stable 
steady state to the corresponding low conversion stable steady state under a feed composition 
disturbance while operating in the multiplicity region. In some sense, we examine whether 
it is necessary to operate in the single steady state region. Here, the column has 44 trays, 
the entrainer flow is 1 kmol/min, the reflux flow is 1000 kmol/min and no control action 
is used (open-loop behavior). The feed originally contains 90% acetone and 10% heptane 
and under these conditions three steady states exist. The column originally operates at the 
high conversion state (99% acetone in distillate). From time zero to 6000 seconds the feed 
composition is changed to 91% acetone and 9% heptane. Note that under these conditions 
a single (low conversion) stable steady state exists. Finally, at time 6000 seconds the feed 
composition is changed back to its original value. Figure 26 shows that the column profile 
"jumps" from the high conversion state to the low conversion state (93.17% acetone in 
distillate) because of the feed composition disturbance. The calculations were repeated for 
smaller disturbance time intervals (1000, 2000, 4000 seconds) but this time the acetone 
composition returned to its original 99% purity. Therefore, it seems that for this particular 
design it is relatively difficult to "jump" from one stable profile to the other and hence, this 
result disputes whether it is necessary to operate in the single steady state region. 
However, the material presented in this section is just a brief illustration of the implica- 
tions of multiplicities on column design and operation and a more thorough investigation of 
this subject is needed. 
7 Conclusions 
In this article we study multiple steady states in ternary homogeneous azeotropic distillation. 
First we examine in detail the infinite reflux and infinite number of trays (ca/ca) case. We 
present a systematic procedure which determines whether multiplicities exist for any given 
residue curve diagram and feed composition. Through this procedure we answered the 
following questions: - 
Given a ternary mixture and its residue curve diagram, we can for the oo/oo case 
(1) find whether multiple steady states exist for some feed composition and 
(2) locate the region of feed compositions that lead to these multiple steady states. 
We derive (1) the necessary and sufficient geometrical condition for the existence of 
multiple steady states and (2) the condition the feed compositions must satisfy to lead to 
multiple steady states. A few other important results are the following: 
In the case of straight boundaries we found that two neighboring saddles is a necessary 
condition for the existence of mutliplicities. 
If multiple steady states exist under the straight boundaries assumption, then, assum- 
ing that the azeotropic compositions do not change, these multiplicities still exist even 
if the boundaries are curved, although the appropriate feed region is changed. 
Highly curved boundaries (pseudosaddles) can induce multiple steady states. 
For columns operating at finite reflux the geometrical condition is only a sufficient con- 
dition for the existence of multiple steady states. We use an example to show that the 
prediction for the existence of multiple steady states in the oo/oo case carries over to col- 
umns operating at finite reflux and with a finite number of trays. We further show that, 
although the predictions were made in the m/oo case, it does not mean that multiple steady 
states do not exist for realistic operating conditions (low reflux and entrainer feed flows and 
small number of trays). However, apart from the fact that the m/oo case predictions carry 
over, the observations presented here should not be generalized because they are specific to 
the particular example. We also present an example which illustrates that highly curved 
boundaries can induce multiplicities. 
We offered some comments on the effect (of the thermodynamic model on the existence 
of multiplicities and we show that some of the results presented here do not depend on the 
specific thermodynamic model used. Finally, we briefly discuss the effect of multiplicities 
on the column design and operation. The consideration here is whether it is necessary to 
operate in the single steady state region (i.e. avoid the multiplicity region). A more thorough 
investigation of this topic is needed. 
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9 Appendix 
The appendix contains information on the thermodynamic model used in the simulations 
presented in this article. Vapor - liquid equilibrium calculations are based on the following 
equation: 
yip = x ~ P ~ ~ ( T ) ~ ~ ( T , ~ )  
where P=l atm in a.Il simulations presented here. 
Vapor pressures were computed by the Antoine equation: 
where T in O K  and P;dOt in N / m z .  Table A1 contains the Antoine coefficients for the com- 
ponents used in the simulations. 
Liquid activity coefficients were computed by the Van Laar equation: 
where z; is the effective volume fraction, 
In this model A;; = 0,  Aij = 0 implies ideality, and if Aj;/Aij=O/O set Aj; /Ai j= l .  Tables 
A2 and A3 contain the Van Laar coefficients for the mixtures acetone - heptane - benzene 
and acetone - methanol - chloroform respectively. 
Table 1: Acetone concentration in the distillate 
for various reflux flows 
Acetone 
0.0 0.2 0.4 0.6 0.8 1.0 
Benzene Heptane 
Figure 1: The acetone - heptane - benzene residue 
curve diagram. 

Acetone (1;) 0.99 0.0 
Heptane (H) 0.0043 0.9513 
Benzene (I) 0.0057 0.0487 
Fig. 3a: Acetone (1) - heptane (2) - benzene (3) 
column composition profile. High conversion 
steady-state. 
Concentration Bottoms 
Acetone (L) 0.9317 0.5247 
Heptane (H) 0.0683 0.3753 
Benzene (I) 0.0 0.1000 
Fig. 3b: Acetone (1) - heptane (2) - benzene (3) 
column composition profile. Low conversion 
steady-state. 
Figure 4: Residue curve diagram of a 001 class ternary mixture. 
L + H >  D > L  
Azeo < XDL < 1 
Figures 5a-5d: Column profiles with infinite number of 
trays at infinite reflux. 
Figures 5e-5h: Column profiles with infinite number of 
trays at infinite reflux. 
L 
AZEO 
L +W 
Three Steady States exist for 
L + H >  L) > L  
L  +H-  L  +I L  +I  +H 
Distillate Flow 
Figure 6: Composition of L in the Distillate 
along the continuation path. 
Figure 7: D increases monotonically for column profiles 
that contain only one saddle singular point. 
L-I azeotrope 
Figure 8: Residue curve diagrams of a. a 000 class 
b. a 100 class ternary mixture. 
Figure 9: Geometry of the distillation region boundaries. 
a. D increases b. D decreases along the continuation path. 
Figure 10: Residue curve diagram of a 231 class ternary mixture 
and the appropriate feed region. 
Figure 11: The curvature of the boundary affects the 
appropriate feed region. 
Figure 12a: Residue curve diagram of a 021 class ternary 
mixture that contains a highly curved boundary. 
Figure 12b: Highly curved boundaries can induce multiplicities 
Figure 13: The appropriate feed region in the case of two 
curved boundaries. 
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Figure 14: The acetone (L) - heptane (H) - benzene (I-E) azeotropic column. 
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Figure 15: Bifurcation diagrams for a column with 
N = 44 trays, E IF =1 and various R IF. 
The distillate flow is the bifurcation parameter. 
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Figure 16: Reflux - Distillate Multiplicity Regions. 
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Figure 17: Entrainer - Reflux Multiplicity Region and 
typical bifurcation diagrams with the entrainer and reflux 
flows as the bifurcation parameters. 
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Figure 18: Bifurcation diagram for a column with N = 44 trays, 
R = 500 kmol/min and D = 90.9 kmol/min. The entrainer feed 
flow is the bifurcation parameter. 
- - - .  
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Figure 19: Bifurcation diagram for a column with N = 44 trays, 
E = 80 kmol/min and D = 90.9 kmoymin. The reflux flow is 
the bifurcation parameter. 
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Figure 20: Vanishing multiplicity in small columns with 
R = 1500 kmol/min and D = 90.9 krnoYmin. 
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Figure 2 1: Entrainer - Reflux multiplicity region variation 
with the Number of Trays. 
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Figure 2223: The acetone - methanol - chloroform residue 
curve diagram. 
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Figure 22b: The four distillation regions and the 
appropriate feed region in the acetone - methanol - 
chloroform composition triangle. 
Tray Number 
Figure 23a: First stable profile of a column with 
N = 30 trays, EIF = .5 and R I F  = 100. 
Tray Number 
Figure 23b: Second stable profile of a column with 
N = 30 trays, E I F  = .5 and R I F  = 100. 
Figure 23c: Unstable profile of a column with 
N = 30 trays, E I F  = .5 and R I F  = 100. 
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Figure 23d: The three steady states of the Acetone / 
Methanol 1 Chloroform column with 
N = 30 trays, E/F = .5 and R I F  = 100. 
in the composition triangle. 
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Figure 24: Bifurcation diagrams for the Acetone / Methanol 1 
Chloroform column with N = 30 trays and various R IF. 
The distillate flow is the bifurcation parameter. 
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Figure 25: Reflux - Distillate Multiplici 
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Figure 26: Open - loop dynamical behavior under a feed 
composition disturbance. 
Table Al:  Antoine coeficients for the 
components used in the simulations. 
Table A2: Van Laar coeficients for the acetone 
- heptane - benzene mixture. 
Table A3: Van Laar coefficients for the acetone 
- methanol - chloroform mixture. 
